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Abstract
Wells are the primary engineered component of geologic sequestration systems with deep subsurface reservoirs. 
Wells provide a conduit for injecting greenhouse gases and producing reservoirs fluids, such as brines, natural gas,
and crude oil, depending on the target reservoir. Well trajectories, well pressures, and fluid flow rates are parameters
over which well engineers and operators have control during the geologic sequestration process. Current drilling 
practices provide well engineers flexibility in designing well trajectories and controlling screened intervals.  Injection
pressures and fluids can be used to purposely fracture the reservoir formation or to purposely prevent fracturing.
Numerical simulation of geologic sequestration processes involves the solution of multifluid transport equations
within heterogeneous geologic media. These equations that mathematically describe the flow of fluid through the
reservoir formation are nonlinear in form, requiring linearization techniques to resolve. In actual geologic settings,
fluid exchange between a well and reservoir is a function of local pressure gradients, fluid saturations, and formation
characteristics. In numerical simulators, fluid exchange between a well and reservoir can be specified using a 
spectrum of approaches that vary from totally ignoring the reservoir conditions to fully considering reservoir
conditions and well processes. Well models are a numerical simulation approach that account for local conditions and 
gradients in the exchange of fluids between the well and reservoir. As with the mathematical equations that describe
fluid flow in the reservoir, variation in fluid properties with temperature and pressure yield nonlinearities in the
mathematical equations that describe fluid flow within the well. To numerically simulate the fluid exchange between 
a well and reservoir the two systems of nonlinear multifluid flow equations must be resolved.  The spectrum of 
numerical approaches for resolving these equations varies from zero coupling to full coupling. In this paper we
describe a fully coupled solution approach for a well model that allows for a flexible well trajectory and screened 
interval within a structured hexahedral computational grid.  In this scheme, the nonlinear well equations have been 
fully integrated into the Jacobian matrix for the reservoir conservation equations, minimizing the matrix bandwidth.
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1. Introduction 
Geologic sequestration of CO2 in deep saline reservoirs requires the injection of CO2 through a well.  
Closed reservoirs may require the production of formation brine for pressure control.  Reservoirs with 
moderate to high brine concentrations may require the injection of fresh water to control salt precipitation 
near the injection well. From a numerical simulation perspective the well and the geologic reservoir are 
both governed by nonlinear conservation equations, which must be resolved.   Problems involving 
injection and production from wells, in conjunction with flow and transport through geologic media, can 
be solved by different numerical approaches that either use no coupling, loose coupling, or full coupling.  
In the no-coupling approach the well injection/production rate is independent of the reservoir processes.  
Fluids are injected or produced from the geologic reservoir at a specified rate.  The loose-coupling 
approach involves solving the well and hydrogeologic systems separately in a sequential fashion.  When 
both systems are linear to moderately nonlinear this approach converges to a solution, but time stepping 
may be restricted.  The fully coupled approach requires that the nonlinear well equations be integrated 
into the conservation equations for the hydrogeologic system, which includes those for multifluid flow, 
heat transport, geochemistry, and geomechanics. 
 
CO2 injection into saline reservoirs is typically specified via a mass injection rate with an upper 
pressure limit (e.g., fraction of the fracture pressure).  Conversely, aqueous production from saline 
reservoirs is typically specified by a volumetric removal rate with a lower pressure limit.  Numerical 
convergence of the nonlinear conservation and constitutive equations is greatly enhanced by fully 
integrating the well equations into the reservoir field equations.  A fully coupled well model has been 
implemented in the STOMP-CO2 [1] numerical simulator for fluid injection and production.  A simplified 
well process model results in a single primary variable for each well, but the well governing equation is 
dependent on the reservoir pressure at each grid cell that contains a screened portion of the well.  The 
Jacobian matrix for the fully coupled nonlinear system includes both the governing equations for the 
hydrogeologic system and the wells, with the well equations located in the matrix to minimize bandwidth.  
When the well injection or production rate can be met within the pressure restriction (i.e., an upper 
pressure limit for injection wells and a lower pressure limit for production wells), then the primary 
variable for the well equation becomes the well pressure.  When the specified well injection or production 
rate cannot be met within the specified pressure restriction, then the primary variable becomes the well 
flow rate.  The resulting numerical scheme allows for non-uniform flow between the screened intervals in 
the well and the geologic reservoir, and allows for smooth transitions between the flow- and pressure-
controlled conditions. 
 
Specification of the well trajectory is by linear intervals, which are referenced spatially from a single 
point on the computational grid.  This approach allows the user to modify the computational grid without 
having to re-specify the well trajectory.  This feature greatly simplifies grid convergence studies and input 
file construction.  Connections between the well intervals and computational nodes are calculated within 
the STOMP-CO2 simulator.  The flexible well trajectory was implemented using a modification to the 
Peaceman well index formulation for describing the coupling of the flow rate between the well and 
reservoir, as a function of well pressure, reservoir pressure, well properties, and reservoir properties.  The 
modification, known as the projection well index, involves the projection of the linear well interval 
segments onto the principal orthogonal axes of the computational grid.  A Peaceman well index [2, 3, 4] is 
then computed for each of the three orthogonal directions and the overall well index for the node is 
computed as the square root of the sum of the squares of the directional Peaceman well indices.  A 
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detailed description of the well governing equations, the well trajectory algorithm, and the projection well 
index model is provided.
Nomenclature
molecular diffusion coefficient, m2/s temperature, K
acceleration of gravity, m/s2 internal energy, J/kg
enthalpy, J/kg Darcy velocity, m3/m2 s
diffusive flux, kg/m2 s modified Peaceman well index, m3
intrinsic permeability, m2 x-direction distance, m
thermal conductivity, W/m K y-direction distance, m
relative permeability z-direction distnce, m
well length, m unit gravitation vector
mass rate, kg/s differential
molecular weight, kg/kmol viscosity, Pa s
pressure, Pa density, kg/m3
power or volumetric rate, W or m3/s porosity
radius tortuosity factor
saturation or skin factor mole fraction
time, s mass fraction
2. Mathematical Formulation
This paper is principally concerned with describing the implementation of a fully coupled well model 
into the reservoir conservation equations of the STOMP-CO2 simulator. To provide context for the
inclusion of the well conservation equations into the Jacobian matrix for the reservoir conservation
equations, an overview of the reservoir conservation equations is provided. The full system-closing
constitutive relations for the reservoir conservation equations are available in the STOMP-CO2
documentation [1]. The well conservation and constitutive equations will be fully described, along with
the logic used to transition between flow- and pressure-controlled conditions. The well-model 
implementation in the STOMP-CO2 simulator allows for the specification of multiple wells, each with 
multiple linear intervals of well segments.  One central concept of the implementation is the discretization
of the well into well nodes and the association of well nodes with field nodes; where field nodes are
hexahedral cells of the structured computational grid.  The STOMP-CO2 simulator provides a variety of 
grid input capabilities with the restriction that the grid cells are hexahedrons. During the initialization
stages of a simulation the computational grid is created, which means defining the spatial coordinates of 
the eight vertices for every grid cell, computing the grid cell centroid, the six surface centroids,
computing the grid cell volume, and computing the surface areas of the six surfaces.  Grid-cell surfaces 
are comprised of four planar triangles between the vertices and the surface centroid.  Once the
computational grid has been created, the well trajectories are traced through the computational domain to
establish the well nodes and to associate those well nodes with grid cells (field nodes). Well nodes are 
sub-sections of the screened portion of the well, and each well node is mathematically coupled
(associated) with a single field node. Field nodes can be associated with multiple well nodes.  For large 
computational domains with large number of wells, the association process is not computationally trivial.
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2.1. Establishing Well Nodes and Associated Field Nodes 
Well trajectories are declared by specifying linear segments of screened intervals (well intervals) by 
denoting the three-dimensional coordinate locations (i.e., x, y, z coordinate locations) of the two end 
points (i.e., start and stop points) of the well interval.  The x, y, z coordinate locations of the well interval 
end points are denoted using the same Cartesian coordinate system as that used to define the vertices of 
the computational domain.  It is important to note that although the computational grid vertices locations 
are defined via a Cartesian coordinate system, the computational grid is not restricted to a Cartesian form. 
Wells trajectories are discretized into well nodes; where, well nodes are defined as linear sub-sections of 
the well trajectory. Well nodes start and end at either the point at which the well trajectory intersects a 
grid-cell surface or at the starting or ending point of a well interval. 
  
There are five possible cases: 1) both the starting and ending points are within the grid cell; 2) the 
starting point is within the grid cell and the well interval crosses the grid-cell surface; 3) the ending point 
is within the grid cell and the well interval crosses the grid-cell surface; 4) neither end point is within the 
grid cell and the well interval crosses two grid-cell surfaces; and 5) neither end point is within the grid 
cell and the well interval does not cross a grid-cell surface. A two-dimensional example of the numbering 
schemes for well nodes and well intervals is shown in Figure 1.  In this example, the computational grid 
has 30 grid cells, 4 well intervals, and 9 well nodes.  Well interval #1 starts outside the computational 
domain and has an end point inside grid cell #13.  Well interval #2 starts inside grid cell #13 and ends 
inside grid cell #14.  Well interval #3 starts and ends inside grid cell #14.  Well interval #4 starts inside 
grid cell #14, spans grid cell #15, and ends in grid cell #16. 
 
 
Fig. 1. STOMP-CO2 Well-Interval and Well-Node Numbering Schemes. 
The algorithm to define well nodes starts by looping over all coupled wells, then looping over the 
number of well intervals for the coupled well, and then looping over all active computational grid cells.  
The first check is to determine whether either well interval end point is within the grid-cell volume or on 
the grid-cell surface.  To determine if a well interval starting or ending point meets these criteria, each of 
the four planar triangular sub-surfaces on each hexahedron surface is evaluated to determine its 
relationship to the end point in question. The four planar triangular sub-surfaces on each hexahedron 
surface comprise two grid vertices and the surface centroid.  For each planar triangle sub-surface the cross 
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product of the vectors between the point in question and two vertices is computed. Then the dot product 
between the resulting cross product vector and the vector between the point and the surface centroid is 
computed.  If the sign of the dot product for all 24 triangular sub-surfaces is the same, then the point is 
within the grid volume.  This scheme is computational efficient, but it requires a proper ordering of points 
around the hexahedron surfaces to implement. The numbering scheme for a hexahedron is shown in 
Figure 2.  The proper order is shown in Table 1, which shows the sequencing of the cross product and dot 
product around the surface and vertices of the hexahedron.  In Table 1, V1 refers to a vector between the 
end point and vertex #1, and C1 refers to a vector between the end point and the centroid of surface #1, 
for example. 
2.1.1. Case 1 
 
If both the starting and ending points of the well interval are found to be within the hexahedron grid 
volume, then a new well node is defined that spans the well interval and that well node is associated with 
the field node of the enclosing grid.  The algorithm then advances to the next, well interval or well as 
appropriate.  In the two dimensional example, shown in Figure 1, well node #6 is of type Case 1. 
2.1.2. Case 2 or 3 
 
If only one well-interval end point is found to be within the grid-cell volume, then the grid-cell surfaces 
are surveyed to determine where the well interval intersects the grid-cell surface.  Determining the 
location of well interval intersection with a grid-cell surface is a two-step process. First the point of 
intersection between an infinite line passing through the well-interval end points and an infinite plane 
defined by the triangular planar sub-surface is determined [5]. If the point of intersection exists and the 
point resides within the triangular planar sub-surface, then the well interval is determined to pass through 
the grid-cell surface.  The point of intersection of the well interval with the grid-cell surface then becomes 
an end point for the well node.  A new well node is then defined that spans between an end point and a 
surface intersection point, and the well node is associated with the field node of the grid cell. The 
algorithm then advances to the next well interval or well, as appropriate. In the two dimensional example, 
shown in Figure 1, well nodes #4 and #7 are of type Case 2, and well nodes #3, #5, and #9 are of type 
Case 3.  
 
 
Fig. 2. STOMP-CO2 Grid-Cell Surface Numbering Scheme. 
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Table 1. Vertices Sequencing
Surface Vertices Sequencing Surface Vertices Sequencing Surface Vertices Sequencing
1 2 3
4 5 6
2.1.3. Case 4
If neither of the well-intervals end point is found to be within the grid-cell volume, then a query is
made to determine if the well interval intersects any of the grid-cell surfaces.  If the well interval is 
determined to intersect two grid-cell surfaces, then a new well node is defined that spans the two surface
intersection points, and the well node is associated with the field node of the grid cell. The algorithm then
advances to the next well interval or well, as appropriate. In the two dimensional example, shown in
Figure 1, well nodes #1, #2, and #8 are of type Case 4.
2.1.4. Case 5
If neither of the well-interval end points is found to be within the grid-cell volume, then a query is
made to determine if the well interval intersects any of the grid-cell surfaces. If no intersection points are 
found between the well interval and the grid-cell surfaces, then the well interval is determined not to
traverse the grid cell. The algorithm then advances to the next grid cell, well interval or well, as
appropriate.
2.2. Conservation Equations for Field Nodes
Under isothermal conditions, the STOMP-CO2 solves three-coupled mass conservation equations for
the field nodes: water mass, CO2 mass, and salt mass. For nonisothermal conditions, an additional
coupled conservation equation for thermal energy is solved. The conservation equations equate the 
change in the conserved quantity within a volume over time with the net flux of the conserved quantity 
into the volume, plus any net source of the conserved quantity within the volume. For the energy 
equation, the conserved quantity within a volume is formulated in terms of phase internal energy; the
fluxes of energy are by mobile phase advection and thermal diffusion; energy flux associated with
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component diffusive flux is ignored; and energy sources are either associated with mass sources or heat 
sources:
(1)
(2)
Water (H2O) is assumed to exist in the aqueous (l) and gas (g) phases under equilibrium conditions. The 
conservation equation for water mass considers water flux via advection and molecular diffusion through
the mobile phases:
(3)
Diffusive fluxes of components through the mobile fractions of the aqueous and gas phases are computed 
from gradients in molar concentration, considering molecular diffusion, but ignoring hydraulic dispersion:
(4)
CO2 (CO2) is assumed to exist in the aqueous (l) and gas (g) phases under equilibrium conditions. The
conservation equation for CO2 mass considers CO2 flux via advection and molecular diffusion through
the mobile phases:
(5)
Salt (s) is assumed to only exist dissolved in the aqueous phase (l) and precipitated (p), as reflected in its 
conservation of mass equation:
(6)
Each conservation equation is solved for a single unknown, referred to as the primary variable. The
constitutive equations relate the primary variables to the secondary variables.  Primary variables for the
conservation equations are selected such that they specify the state condition and vary depending on the 
phase condition, using a primary variable switching scheme.
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2.3. Conservation Equations for Wells
The well model is designed to function as an injection well or as a production well.  The mathematical
description that follows is for the injection well scenario.  As previously described, the well comprises a 
string of well nodes, which are associated with field nodes (i.e., computational grid cells).  Field nodes
can contain multiple well nodes from the same well or different wells, but a well node can only be
associated with a single field node.  Mass flow rate from the well node to the associated field node is a
function of the pressure head difference between the well and field nodes, the fluid density and viscosity,
and modified Peaceman well index.
(7)
The conservation equation for a CO2 injection well is written in terms of balancing the specified mass rate
of injected CO2 with the integrated mass rate of CO2 moving from the well into the field.
(8)
CO2 mass injected into a field node appears as a mass source in the CO2 mass conservation equation (i.e.,
the last term in Eqn. (5)), for the receiving field node. The well model allows for the injected CO2 mass to
contain dissolved water, in which case, the water mass injected into a field node would appear as a mass
source in the water mass conservation equation (i.e., the last term in Eqn. (3)), for the receiving field 
node.  Similarity for nonisothermal simulations, enthalpy carried with the injected fluid mass becomes an
energy source in the energy conservation equation (i.e., the next to last term in Eqn. (1)). The unknown
for Eqn. (8) is the pressure at the starting point of the first well node, which is generally the top of the
screened interval.
2.4. Coupled Well Model
The current formulation of the coupled well model ignores pressure drops in the well due to friction 
losses, resulting in a well under hydrostatic conditions for the well fluid.  The coupled well model has two
modes: 1) flow controlled and 2) pressure controlled.  In the flow controlled mode, the unknown for the
coupled well model is the pressure at the starting point of the well intervals, and in the pressure controlled 
mode the unknown is the well flow rate given a specified pressure at the starting point of the well
intervals.  A coupled-well is specified by declaring four components: 1) a well trajectory (i.e., linear
sections of well intervals), 2) well interval parameters (e.g., casing radius, skin factor), 3) a time varying 
mass flow rate, and 4) a time varying pressure limit at the starting point of the well. If the well flow rate
can be achieved within the pressure limit, then the well is flow controlled and well pressure becomes the
principal unknown.  If the well flow cannot be achieved within the pressure limit, then the well pressure
is fixed and the well flow rate becomes the principal unknown. Transitions between the coupled-well 
being flow and pressure controlled is handled automatically.  For the flow-controlled mode, the well
pressure becomes the primary variable for the coupled field conservation equations and well model
equations in the Jacobian matrix.  For the pressure-controlled mode, the well pressure is fixed.  The
diagonal term for the well primary variable in the Jacobian matrix is set to 1.0 and the problem vector is
set to 0.0.
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The well trajectory comprises linear sections of well intervals, as shown in Fig. 1. The well intervals 
do not need to be contiguous and can be declared outside of the computational domain.  Only those
sections of the well intervals that reside within the computational domain will be considered in the
coupled well calculations.  The starting point for the well intervals is the first point at which a declared 
well interval crosses the computational domain. This point becomes the point at which the well pressure
is defined.  The well trajectory can transition more than once within a grid cell and grid cells can contain
multiple well segments from the same or different wells. Connections between the well intervals and 
computational nodes are calculated during the initialization period in the STOMP-CO2 simulator.  The
flexible well trajectory was implemented using a modification to the Peaceman well index formulation for
describing the coupling between the flow rate between the well and reservoir as a function of well
pressure, reservoir pressure, well properties, and reservoir properties.  The modification, known as the
projection well index, involves the projection of the linear well interval segments onto the principal
orthogonal axes of the computational grid.  A Peaceman well index is then computed for each of the three
orthogonal directions and the overall well index for the node is computed as the square root of the sum of 
the squares of the directional Peaceman well indices.
A well index is defined as the ratio of the well flow rate, times the viscosity of the well fluid, divided
by the difference in wellbore and grid-cell pressures.
(9)
The classical approach to the well problem is the Peaceman model for the well index.
(10)
This approach is based on single-phase steady-state radial flow from a vertical well section into a grid 
cell.  The radius of the grid cell is defined as the radial position at which the grid-cell pressure is equal to
the pressure obtained from the analytical radial solution to the flow problem;
(11)
where, the grid cell radius is a function of the grid cell geometry and intrinsic permeability.
Well intervals in STOMP-CO2 are not restricted to a vertical orientation, therefore requiring the use of 
a projection well index [6]; where the well trajectory is projected on to the coordinate axes, as shown in
Fig. 3.
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Fig. 3. Well Trajectory Projected onto Coordinate Axes and Well Segments Projected 
onto Coordinate Axes (image from Shu [6]).
Multiple well intervals within a single grid cell, as shown in the right-hand schematic in Fig. 3, are
combined into a single effective well interval by summing the well-interval projections onto the local
coordinate axes.
                                                                                              (12)
Well interval projections are combined into a single well index, using the projection well model 
developed by Shu [6];
(13)
where, the directional equivalent radii are defined in terms of directional intrinsic permeability and grid-
cell dimensions.
(14)
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3. Discussion 
A principal objective in developing the fully coupled well model for the STOMP-CO2 simulator was 
to improve flexibility in well trajectories and convergence characteristics of the well model coupled with 
the field nodes.  Previously the well model trajectory was specified in relationship to node indices, which 
made the model specification cumbersome when the computational grid was altered.  The previous well 
model additionally was only loosely coupled to field equations, using a sequential solution approach.  
This well model had one well node per grid cell and solved the equations of motion and heat transport 
within the well casing. A set of primary variables was solved for each well node, using Newton-Raphson 
to resolve the nonlinearities in the well flow and transport equations. This approach of solving the 
nonlinear flow and transport equations within the well and field nodes sequentially often yielded poor 
convergence performance, resulting in excessively small time steps and long simulation times.  The fully 
coupled well model uses simplified flow equations within the well and ignores heat transport across the 
well casing, but provides for a grid-free specification of the well trajectory.  Each well has a single 
unknown, depending on the flow conditions.  Full coupling of the well equations into the field equations, 
requires that the Jacobian matrix for the field equations be altered for the well equation primary variables, 
and the well equation includes the partial derivatives with respect to the field primary variables.  The well 
equations are located within the Jacobian matrix adjacent to the set of equations for a field node, in a 
position that minimizes the matrix bandwidth. The implementation in the STOMP-CO2 simulator has 
yielded significant improvement in the convergence characteristics, allowing for larger time steps during 
the injection periods. Most importantly, the flow-controlled to pressure-controlled switching capability of 
the code, without any loss of convergence performance, has eliminated the need for reservoir engineers to 
iteratively determine injection flow rates that meet injection pressure limits. 
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